Abstract-millimeter wave (mmW) communication systems have the potential to increase data rates with low-latency, highly directional communication links. Due to the geometric nature of the propagation, mmW signals can also be used for accurate positioning. This paper explores the trade-off between communication rate and positioning quality in mmW systems. We show how rate and positioning quality interact as a function of bandwidth, number of antennas, and receiver location.
I. INTRODUCTION
The next generation of wireless communication systems (socalled 5G), will be characterized by a move towards new frequency bands and the use of massive antenna arrays. In particular, the mmW spectrum (30-300 GHz) leads to "quasioptical" propagation characteristics of radio signals [1] . The increased path loss at these frequencies can be counter-acted by employing highly directional transmit and receive beamforming to achieve sufficient signal-to-noise ratio (SNR) gain for high data rate communication. A challenge in beamforming is the initial beam-alignment that needs to be completed, prior to communication. To address this, fast beam alignment procedures have been devised [2] , [3] . The final achievable data rate depends on the quality of the beam alignment procedure, where a fast sub-optimal procedure generally leads to worse alignment and lower throughput. These methods can provide a complexity that is sub-linear in the codebook size.
In addition to providing high-rate communication, mmW technology is also a key enabler for accurate positioning [4] - [6] . In contrast to conventional positioning, mmW beamforming allows (i) the determination of a user's position from a single access point, and (ii) the determination of the orientation of the user, with respect to the access point. Positioning is based on processing training signals from different beams and can thus be accomplished during the beam-alignment process.
Clearly, a longer beam alignment with more beams leads to more information for positioning, and thus better positioning quality. It is thus clear that there is a natural connection between throughput and positioning quality. This connection was previously investigated in [7] - [9] , where [7] considered power optimization under rate and positioning constraint, while in [8] and [9] , position information was harnessed to speed up beam alignment.
In this paper, we explore the trade-off between communication rate and positioning quality for single user LOS mmW communication, assuming a finite coherence time. We quantify Figure 1 . Geometry of the communication system including a transmitter with fixed location and orientation, and a receiver with unknown location p and orientation α.
the rate as a function of the codebook size and derive lower bounds on the achievable positioning quality. Combined, they allow us to visualize their trade-off, which can be used in the design of 5G joint communication and positioning systems.
II. MMW SINGLE-USER MIMO SYSTEM

A. Communication model
We consider a mmW single-user multiple-input-multipleoutput (MIMO) wireless system with a transmitter (base station, BS) at location 1 q ∈ R 2 and a receiver (mobile station, MS) at location p ∈ R 2 , equipped with an array of N and M antenna elements, respectively. We assume q known, whereas p is not. Also, we denote by α the relative 2D-rotation between the transmit and receiving antenna arrays. Figure 1 illustrates the geometry of the aforementioned communication system.
Assuming that the line-of-sight (LOS) link is the dominant path, the input-output relation is
where f ∈ C N and w ∈ C M are the transmit and receive unit-norm beamforming vectors, generated from codebooks F and W with size N b t and N b r , respectively; n(t) is additive white gaussian noise (AWGN) with power spectral density (PSD) N 0 , τ = q − p /c is the time-delay of the LOS path for speed of light c; x(t) and y(t) are the continuous |x(t)| 2 dt = 1; h ∈ C is the dominant channel coefficient; P tx is the transmission power; a N (φ) ∈ C N and a M (θ) ∈ C M are the receive and transmit array response vectors for the angle-of-departure (AoD) φ and angle-of-arrival (AoA) θ of the dominant path. Note that φ and θ are related through α = π − θ + φ. For simplicity of the exposition, but without loss of generality, we will assume that x(t) has flat spectrum, i.e., X(ω) is constant, with |X(ω)| 2 = T s /(2πB). Without loss of generality, we assume a uniform linear array (ULA) with isotropic element gain and d = λ/2 element separation, where λ is the carrier wavelength. In that case
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with a similar definition for a N (φ).
Communication occurs over frames of fixed duration T f , of which a time T t = nT s with n ∈ N + is devoted to beam alignment (i.e., determining the best w and f ), while the remainder T d = T f − T t is used for data transmission.
B. Performance metrics
We consider two performance metrics: effective data rate R and position-rotation error bound (PREB).
• Effective data rate R: Assuming the beams selected for data transmission, after beam alignment are w and f , then
where
the noise power over the signal bandwidth. Note that for a fixed T t , the rate is maximized when
• PREB:
The PREB is derived from the inverse of this FIM, and provides a lower bound, in the positive semi-definite sense on the achievable estimation accuracy of [p, α]. The mathematical definition of PREB will be provided in Section III-C. Increasing K will improve the PREB and SNR, but also lead to an increase in T t , thus leaving less time for data transmission. Hence, there is a natural tension between rate and PREB. Our goal is to understand and quantify this tradeoff (see Figure 2 ).
III. RATE AND PREB COMPUTATION
A. Codebook and search strategy assumptions
The effective data rate and the PREB depend on the codebook size and the beam alignment strategy. For simplicity, we consider F and W to comprise N b t = N and N b r = M orthogonal vectors, respectively. Specifically, let f i and w j be the column of a Discrete Fourier Transform (DFT) N -size and M -size matrices, respectively. In addition, we consider an exhaustive search strategy, such that K = N M . Other search strategies (e.g., hierarchical search) as well as other codebooks can be analyzed in a similar manner. In addition, we will assume that the MS and BS are able to determine the optimal beams that maximize the SNR. Performing the analysis when this assumption is removed, is a topic of further study.
B. Effective data rate
Under the assumed codebooks and search strategy, the effective data rate is given by
in which the optimal beams are those that maximize the SNR:
Clearly, if T f is fixed, then a trade-off between rate and the training overhead exists. More specifically, by increasing the number of antennas, thus the codebook size, the pre-log factor is reduced, thus reducing the time available for data transmission. On the other hand, with more antennas, SNR gains in (5) increase, thus increasing the log factor.
C. PREB from Fisher information
T with an associated FIM J ξ , obtained from aggregating information during the exhaustive beam alignment strategy, the PREB comprised two components: the position error bound
expressed in meters, and the rotation error bound
expressed in radians (or degrees, after conversion). Due to the additive nature of Fisher information,
where J ξ (f , w) is the FIM associated with a single beam pair (f , w). Hence, we only need to determine an expression for
2) FIM for a single beam: Given (f , w), the FIM J ξ (f , w) will be derived, from the observation model (1). We denote the deterministic part of the received signal y(t) by u(t)
. Also, we express the geometric relationship between the vector η [h, θ, φ, τ ] τ including the channel parameters with the unknown position p and rotation α as
where q x q y are the x and y coordinates of the known transmitter location.
The PREB can be computed from the inverse of the FIM
T , where
in which I 2 is 2 × 2 identity matrix, Υ is given by
and J η (f , w) ∈ R 5×5 is the FIM for the estimation of the channel parameters η from beam pair (f , w).
The FIM of the channel parameters, associated with a single beam pair can be computed as
We denote the entries of J η (f , w) by
The entries in the FIM are given by (see Appendix)
where * indicates the complex conjugate, and we have con- 
M ×M are diagonal matrices with the k-th entry give by D t,k = jπ(k − 1) cos(φ) and D r,k = jπ(k − 1) cos(θ), respectively. In addition, J τ,x = 0 for x = τ .
IV. SIMULATION RESULTS
In this section, we study the impact of codebook size on the effective data rate and position-rotation bound, as well as the trade-off between these two metrics.
A. Simulation setup
We focus on an idealized MIMO-orthogonal frequencydivision multiplexing (OFDM) communication system with 2048 subcarriers, time-frequency efficiency equal to one, intercarrier spacing ∆ f ∈ {15 kHz, 75 kHz}, fixed transmission power P tx = 27 dBm, N = M , and carrier frequency 60 GHz. One beam during beam alignment corresponds to one OFDM symbol, so T s ∈ {67 µs, 13 µs} and E s = P tx T s . Finally, we fix the frame length T f to 1024 OFDM symbols. This implies that for N = M = 32, T t /T f = 1. We consider the MS location to have a fixed distance of 20 m to the BS and α = 0. We study φ = 0 deg and φ = 30 deg, while keeping α = 0, allowing us to analyze the effect of beam misalignment. Figure 3 shows the effective data rate as a function of the training overhead (T t /T f in percentage). We observe that, under our assumptions, there exist an optimum codebook size that maximizes the rate. Namely, for φ = 0, the rate is maximized when T t /T f = 6.25% (corresponding to N = M = 8) and 9.76% (corresponding to N = M = 10) for ∆ f = 15 kHz and ∆ f = 75 kHz, respectively. Note that the maximum rate does not scale linearly with the bandwidth, due to the slight increase in training overhead. For φ = 0, beam misalignment due to relative location and orientation of the transmitter and receiver has a (limited) impact on the rate, which is more pronounced for larger ∆ f . Figures 4 and 5 show the position error bound (PEB) and rotation error bound (REB), respectively, as a function of the training overhead. In contrast to the rate, we note that both improve with increased training, as more Fisher information is collected (see (12)). We again notice a dependence on φ, where the misalignment leads to small increase in both PEB and REB. Interestingly, the signal bandwidth affects PEB and REB in a different way: while the PEB benefits from a large bandwidth, because of a more accurate ranging, the REB, which depends only on the bearing estimation, is more precise with signal with smaller bandwidth as the energy E s is higher.
B. Trade-off between rate and training overhead
C. Trade-off between PREB and training overhead
PEB-Rate tradeoff
Tf = 1024Ts, B=2048∆f , free-space propagation model, d=20 m, fc=60 GHz, M
D. Positioning and data-rate trade-off
While the above results in terms of rate and PREB are largely well-established, our model allows to study their tradeoff. Figures 6 and 7 depict the trade-off between the effective data rate and positioning metrics (PEB and REB). More specifically, the trade-off curves are obtained by varying the training overhead (thus beamwidth) from 1.5% to 100%, corresponding to N = M = 4 and N = M = 32, respectively. As before, we consider the cases of ∆ f = 15kHz, ∆ f = 75kHz, φ = 0 deg and φ = 30 deg.
For the PEB (Figure 6 ), the location accuracy achieved at the maximum data rate (≈ 10% training overhead) is approximately 1 cm, irrespective of the bandwidth. This is comparable to the state-of-the-art RTK GPS, but relies only on the mmW radio signal from a single base station. We conclude that increasing the signal bandwidth improves both the rate and the PEB. Thus, these two performance metrics are not in conflict.
In terms of REB (Figure 7 ), for the maximum data rate, the REB is around 0.03 degrees. In contrast to the PEB, the plots related to the trade-off between rate and REB show that by varying the bandwidth, there is a point in which the effective rate vs REB curves intersect. This point corresponds to an overhead of 87% with ∆ f = 75kHz and 39% with ∆ f = 15kHz. In other words, it is possible to reach the same rate and REB by either designing a system with low bandwidth and low overhead or with higher bandwidth and higher overhead.
V. CONCLUSION
In this paper we considered a mmW communication system and studied the feasibility of utilizing the beam training period for positioning. We investigated the trade-off between positioning and data rate in LOS channel conditions. The following conclusions were drawn: (i) a high training overhead can cancel out the gain from highly directional beamforming; (ii) accurate position and rotation estimation can be achieved using the training signal used for beam alignment; (iii) given a fixed transmit power, a small signal bandwidth is desirable for rotation estimation; and (iv) the PEB and REB associated with the maximum effective rate is largely independent of the bandwidth. Extensions of the work include the multi-user case, different types of codebooks, the impact of array calibration errors, and the removal of the optimal beam assumption.
APPENDIX
Here we derive the expressions for the entries of the FIM. First, we note that the derivative terms are given by
whereẋ(t − τ ) = ∂x(t − τ )/∂τ andq f ,q w were defined in Section III-C.
Then, substitution into (13) leads to
where we used the Parseval's identify to change to frequency domain and us the fact that |X(ω)| 2 = T s /(2πB). Since X(ω) is symmetric, we find that
The remaining terms are given by 
